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We investigate the thin-shell wormholes constrained by cosmological observations for the first
time in the literature. Without loss of generality, we study the thin-shell wormholes in ωCDM
model and analyze their stability under perturbations preserving the symmetry. Firstly, we con-
strain the ωCDM model using a combination of Union 2.1 SNe Ia data, the latest H(z) data and
CMB data. Secondly, we use the constrained dark energy equation of state (EoS) ω which lies in
[−1.05,−0.89] to investigate thin-shell wormholes of various black hole spacetimes. We find that
the stable Schwarzschild and Reinssner-Nordstro¨m thin-shell wormholes constrained by cosmologi-
cal observations do not exist. In addition, the method we developed can be applied into exploring
the stable thin-shell wormholes from any black hole spacetime in the framework of any cosmological
theory.
I. INTRODUCTION
In recent years, the seminal paper by Morris and Thorne [1] has motivated a great deal of studies to explore the
traversable Lorentzian wormholes. As exotic solutions of gravitational theories, these objects have a throat that
connects two widely separated regions of the same universe or two different universes [1, 2]. In general theory of
relativity (GR), traversable wormholes are supported by exotic matter that violates the null energy condition (NEC).
Using the ” volume integral quantifier ” (VIQ) [3], the amounts of exotic matter can be substantially small, but at
the expense of large stresses at the throat. Further discussions about the energy conditions of wormhole spacetime
configurations can be found in Ref. [4].
Generally speaking, thin-shell wormholes are constructed by the so-called cut-and-paste technique, i.e., grafting
together two black hole spacetimes at the junction surface which corresponds to a three-dimensional thin shell [2, 5, 6].
These thin-shell wormholes have been widely investigated in the literature, since the stability analysis is very easy to
implemented and the exotic matter is only confined to the thin shell. The stability analysis of spherically symmetric
thin-shell wormholes have been implemented under the radial perturbations that preserves the symmetries by several
authors [7–12]. The thin-shell wormholes with cylindrical, plane and conformal symmetries have already been analyzed
in Refs. [13, 14]. The Schwarzschild thin-shell wormholes with variable equation of state (EoS) was also taken into
consideration in Ref. [15].
In the past few years, a renewed interest has arisen in the old field—wormholes, since the elegant discovery that
our universe is undergoing a phase of an accelerated expansion (in both cases, the NEC is violated) [16, 17]. Dark
energy as new source of exotic matter has inspired a number of studies to explore the corresponding wormhole
geometries in various kinds of cosmological theories. For instance, wormholes supported by phantom energy, Chaplygin
gas, generalized Chaplygin gas, viscous fluid and Shan-Chen fluid have been investigated vividly in Refs. [18–23].
Recently, with more and more high-quality cosmic data, we have studied the geometrical and holographical dark energy
wormholes constrained by astrophysical observations for details, and verified that the exotic spacetime configurations
wormholes can actually exist in the universe [24, 25]. Based on this concern, a question naturally comes into being,
namely, whether one can similarly investigate the thin-shell wormholes constrained by cosmological observations ?
Note that this is the starting point of the present work.
This paper is organized in the following manners. In Section 2, we place constraints on the simple ωCDM model
using a combination of Union 2.1 type Ia supernovae (SNe Ia) data, the latest H(z) data and the cosmological
microwave background (CMB) measurements. In Section 3, we make a review on the thin-shell wormhole formalism.
In Section 4, we use the constrained cosmological parameter to study the thin-shell wormholes constructed by various
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2spacetimes. The discussions and conclusions are presented in the final section (we use units G = c = 1 throughout
the context).
II. STATISTICAL CONSTRAINTS
For the purpose to constrain the ωCDM model better, we express its dimensionless Hubble parameter E(z) as
follows
E(z) = [Ωm0(1 + z)
3 + (1− Ωm0)(1 + z)3(1+ω)] 12 , (1)
where z denotes the redshift, Ωm0 the matter density ratio parameter and ω the dark energy EoS. Subsequently, we
would like to exhibit our constraining methodology, available cosmic data and constraining results.
A. Type Ia Supernovae
The observations of SNe Ia provide an powerful tool to explore the expansion history of the universe. It is well
known that the absolute magnitudes of all the SNe Ia are considered to be the same, since all SNe Ia almost explode
at the same mass (M ≈ −19.3±0.3). Based on this concerning, in theory SNe Ia can be used as the standard candles.
In this study, we take the Union 2.1 data sets without systematic errors for data fitting, consisting of 580 points
covering the range of the redshift z ∈ (0.015, 1.4) [26]. To perform the so-called χ2 statistics, the theoretical distance
modulus is defined as
µth(zi) = 5 log10 dL(zi) + µ0, , (2)
where µ0 = 42.39− 5 log10 h, h is the dimensionless Hubble parameter at present in units of 100 km−1s−1Mpc. The
luminosity distance dL(zi) at a given redshift zi in units of Mpc can be defined as
dL(zi) = (1 + zi)
∫ zi
0
dz′
E(z′; δ)
, (3)
where δ represents a set of model parameters. After marginalizing the nuisance parameter µ0 analytically, the χ
2 for
SNe Ia observations can be expressed as
χ2SN = A(δ)−
[B(δ)]2
C
, (4)
with
A(δ) =
580∑
i,j=1
[µth,i(zi; δ)− µobs,i(zi)]Cov−1ij [µth,j(zj ; δ)− µobs,i(zj)], (5)
B(δ) =
580∑
i,j=1
Cov−1ij [µth,j(zj ; δ)− µobs,i(zj)], (6)
C =
580∑
i,j=1
Cov−1ij , (7)
where µobs and Cov
−1
ij denote the observed distance modulus and the inverse of the covariance metric, respectively.
B. H(z) Measurement
The recent Hubble parameter measurements have been proven to be very powerful in constraining the cosmological
parameters. In the literature, there are two main methods of independent observational H(z) measurement, i.e., “
3radial baryon acoustic oscillations (BAO) method ” and “ differential age method ”. In this situation, we use the
latest 40 observational Hubble parameter data points, which contains the latest five measurements by Moresco et al.
[27] and the catalog in Refs. [27, 28]. The corresponding χ2 for H(z) data is
χ2H = −
B2
A
+ C, (8)
with
A =
40∑
i=1
E2(zi)
σ2i
, (9)
B =
40∑
i=1
E(zi)Hobs(zi)
σ2i
, (10)
C =
40∑
i=1
H2obs(zi)
σ2i
, (11)
where Hobs and σi denote the observed Hubble parameter at a given redshift zi and the corresponding 1σ statistical
error, respectively.
C. CMB Data
As is well known, the CMB not only provides some useful information on the very early universe, but also can give
information on the expansion history of the universe through the positions of the CMB acoustic peaks. More precisely,
the likelihood of the shift parameter R the acoustic scale la extracted from the CMB angular power spectrum can
allow one to constrain the cosmological parameters [29, 30], where R determines the overall amplitude of the acoustic
peaks and la represents the average acoustic peak structure, given by
R = (1 + z?)H0Ωm0DA(z?), (12)
and
la(z?) = (1 + z?)
piDA(z?)
rs(z?)
, (13)
respectively. Note that here DA(z?) is the comoving angular diameter distance, rs(z? is the comoving sound horizon
at the photon-decoupling epoch [31], and the redshift z? for the photon-decoupling is provided by [32]
z? = 1048[1 + 0.00124(Ωb0h
2)−0.738][1 + g1(Ωm0h2)g2 ], (14)
where
g1 =
0.0783(Ωb0h
2)−0.238
1 + 39.5(Ωb0h2)−0.763
, g2 =
0.56
1 + 21.1(Ωb0h2)1.81
. (15)
Here we adopt the CMB data obtained in Ref. [33] through a combination of Planck temperature data, Planck lensing
and WMAP polarization: la(z?) = 301.37, R(z?) = 1.7407 and Ωb0h2 = 0.02228 with the following inverse covariance
matrix
C−1CMB =
 43.0180 −366.7718 2972.5−366.7718 24873.0 4.4650× 105
2972.5 4.4650× 105 2.1555× 107
 . (16)
Then the corresponding χ2 for CMB data is
χ2CMB = ∆pi(Cov
−1
CMB)∆pj , ∆pi = p
th
i − pobsi , (17)
4FIG. 1: The 1σ confidence intervals for the parameter pair (Ωm0, ω) of ωCDM model constrained by using different data sets.
The blue, red, yellow regions and black curve correspond to the 1σ confidence intervals of SNe Ia, H(z), CMB and joint data
sets, respectively. The best fitting points of SNe Ia, H(z), CMB and joint data sets are shown as , N, • and F, respectively.
The green line represents the base cosmological model.
where p1 = la(z?), p2 = R(z?) and p3 = Ωb0h2. Therefore, the χ2 for the joint constraints by using SNe Ia, H(z) and
CMB data sets can be defined as
χ2tot = χ
2
SN + χ
2
H + χ
2
CMB . (18)
The two-dimensional likelihoods of the parameter pair (Ωm0, ω) of ωCDM model by using different data sets are
depicted in Fig. 1. One can easily find that the constraining results from SNe Ia, H(z), CMB and joint data sets are
all consistent with the the base cosmological model at 1σ level. Moreover, the best fitting points of the SNe Ia, H(z)
and joint data sets are closer to the the base cosmological model than that of CMB data. In the following context, to
investigate the thin-shell wormholes supported by astrophysical observations, we would like to adopt the 1σ range of
the dark energy EoS, i.e., ω ∈ [−1.05, 0.89].
In the previous literature, all the authors analyze the stability of thin-shell wormholes by only choosing the value of
ω arbitrarily. However, in this situation, we give out the possible range of ω by cosmological observations in order to
avoid choosing the value of ω arbitrarily. Hence, we can exhibit the stability analysis of thin-shell wormholes, which
are constructed by different black hole spacetimes.
III. THIN-SHELL WORMHOLES
Take into account a spherically symmetric spacetime geometry
ds2 = −f(r)dt2 + f(r)−1dr2 + h(r)(dθ2 + sin2θdφ2), (19)
where r is the radial coordinate which runs in the range r0 ≤ r < ∞, 0 ≤ θ ≤ pi and 0 ≤ φ ≤ 2pi are the angular
coordinates, and the functions f(r) and h(r) are positive for a given radius (we use h(r) = r2 in the following context).
To construct a thin-shell wormhole, we choose a radius a and then remove from each the four-dimensional region:
M± = {r < a|a > rh}, (20)
where rh denotes the maximal event horizon of the black hole. Subsequently, identifying the time-like hypersurface
∂M = r = a|a > rh, one can create a new geodesically complete manifold. For a given radius r, the area 4pir2 is
minimal when r = a, so the manifold corresponds to a wormhole with two regions connected by a throat radius a
where the flare-out condition is automatically satisfied. In what follows, using the usual Darmois-Israel formalism [],
the Lanczos equations can be expressed as
Sij = −
1
8pi
(κij − δijκkk), (21)
5where Sij and κ
i
j represent, respectively, the surface stress energy tensor at the junction surface ∂M and the discon-
tinuity of the extrinsic curvatures across the surface ∂M. Furthermore, in terms of surface energy density σ and the
surface pressure P, Sij =diag(−σ,P,P). After simple derivations, the energy density σ and lateral pressure P of the
thin shell situated at a radius a can be expressed as
σ = −
√
f(a) + a˙2
2pia
, (22)
and
P = 2aa¨+ 2a˙
2 + 2f(a) + af ′(a)
8pia
√
f(a) + a˙2
. (23)
It is easy to find that the the weak energy condition (WEC) is violated, since the energy density σ on the thin shell
is negative and the radial pressure is zero.
A. Schwarzschild Thin-shell Wormholes
First of all, we study the thin-shell wormholes constructed by Schwarzschild spacetimes. For this case, the function
f(r) reads f(r) = 1 − 2M/r, where M is the mass. The energy density σ and pressure P satisfy the conservation
equation
d
dτ
(σa2) + P d
dτ
(a2) = 0, (24)
where τ is the proper time. In what follows, we would like to use the dark energy EoS P = ωσ of ωCDM model to
investigate the possible static equilibrium configurations, thus, a˙ = a¨ = 0 throughout this work. Furthermore, one
can easily obtain the solution of Eq. (23) as follows
σ(a) = σ(a0)
(a0
a
)2(1+ω)
. (25)
Subsequently, by rearranging Eq. (22) and defining the potential V (a) = f(a) − [2piaσ(a)]2, we obtain the equation
of motion as
a˙2 + V (a) = 0. (26)
By expanding V (a) around a0, we have
V (a) = V (a0) + V
′(a0)(a− a0) + 1
2
V ′′(a0)(a− a0)2 +O[(a− a0)3]. (27)
Since we linearize V (a) around a = a0, the conditions V (a0) = 0 and V
′(a0) = 0 must be satisfied. Furthermore, to
obtain a stable equilibrium configuration, the condition V ′′(a0) > 0 is also required. For the Schwarzschild case, after
some derivations, we obtain
V (a) = 1− 2M
a
− (1− 2M
a0
)
(a0
a
)4ω+2
. (28)
It is easy to be checked that the first condition V (a0) = 0 is satisfied. Then from V
′(a0) = 0 we get the relation
ω =
1− a0M
2a0
M − 4
. (29)
Since the 1σ range of dark energy EoS is ω ∈ [−1.05, 0.89], one can naturally determine the range of stable junction
radius
2.91 <
a0
M
< 3.28. (30)
Using Eqs. (29-30), we can have
V ′′(a0) = − 2M
a20(a0 − 2M)
> 0. (31)
Usually speaking, a0 > 2M for the Schwarzschild black hole since its event horizon is located at rh = 2M . Therefore,
the range of junction radius Eq. (30) from observational constraints is permitted. However, according to the usual
equilibrium relation Eq. (31), i.e., a0 < 2M , we find that the Schwarzschild thin-shell wormholes are unstable from
the point views of both theory and observations.
6FIG. 2: Plots for the Schwarzschild spacetime. Left panel: the dependence of a0/M on the quantities ω and ΛM
2. Second
panel: the dependence of V ′′(a0) on the quantities ω and ΛM2. Third panel: the relation between a0/M and ΛM2. Right
panel: the relation between a0/M and ω.
B. Schwarzschild-de Sitter Thin-shell Wormholes
For the Schwarzschild-de Sitter spacetime, the function has the form f(r) = 1− 2M/r − Λr2/3, where the cosmo-
logical constant Λ > 0. In order to keep f(r) positive, the condition 0 < ΛM2 6 1/9 must be satisfied. In this case
the geometry has two horizons, i.e., the event and the cosmological ones. Assuming a is greater than the maximal
horizon and adopting the same step as the Schwarzschild case, we obtain
V (a) = 1− 2M
a
− Λa
2
3
− (1− 2M
a0
− Λa
2
0
3
)
(a0
a
)4ω+2
. (32)
It is easy to see V (a0) = 0. One can also work out ω by the condition V
′(a0) = 0
ω = −1
2
1− Ma0 − 23ΛM2(a0M )2
1− 2Ma0 − 13ΛM2(a0M )2
. (33)
As before, we still use the 1σ range ω ∈ [−1.05, 0.89] to determine the possible range of a0/M . Nonetheless, since
the its analytic expression is too lengthy, we solve Eq. (33) numerically exhibit the behaviors of a0/M graphically. In
the left panel of Fig. 2, we show the dependence of a0/M on the quantities ω and ΛM
2, and find that the minimal
value of stable junction radius is a0/M = 15.45. In the second panel of Fig. 2, we exhibit the stability region where
V ′′(a0) > 0. One can easily find that the thin-shell wormholes are stable when ω < −1. In the third panel of Fig.
2, the relation between a0/M and ΛM
2 is shown when ω = −1.05 lies in the 1σ range [−1.05, 0.89]. It is easy to see
that a0/M is monotonically decreasing with increasing ΛM
2. In the right panel of Fig. 2, we also exhibit the relation
between a0/M and ω is shown when ΛM
2 = 1/9, and fin that a0/M diverges at ω = −1 and reaches the minimal
value at ω = −1.05.
In summary, for the Schwarzschild-de Sitter case, the stable thin-shell wormholes constrained by cosmological
observations must satisfy two conditions: (i) a0/M > 15.45; (ii) ω ∈ [−1.05,−1).
C. Schwarzschild-anti de Sitter Thin-shell Wormholes
For the Schwarzschild-anti de Sitter spacetime, the metric function f(r) has the same form as the Schwarzschild-de
Sitter case, but with a negative cosmological constant, i.e., Λ > 0. Obviously, the event horizon is situated at
rh =
1− (−3√|Λ|M +√1 + 9ΛM2) 23√|Λ|(−3√|Λ|M +√1 + 9ΛM2) 23 ) 13 , (34)
which is a continuous and increasing function of Λ and lies in the range 0 < rh < 2M . Differentiating Eq. (32) with
respect to a and evaluating at a0, we obtain
V ′′(a0) =
2
a20
−Ma0 + 3ΛM2(a0M )− 23ΛM2(a0M )2
1− 2Ma0 − 13ΛM2(a0M )2
> 0. (35)
Assuming a negative denominator and using the condition a0 > 2M > rh, we find that ΛM
2 > 0, which is not
compatible with Λ < 0. The we consider a positive denominator for Eq. (35) and derive finally
ΛM2 <
1
3(a0M )
2 − 23 (a0M )3
. (36)
7FIG. 3: Plots for the Schwarzschild-de Sitter spacetime. Left panel: the dependence of a0/M on the quantities ω and ΛM
2.
Second panel: the dependence of V ′′(a0) on the quantities ω and ΛM2. Third panel: the relation between a0/M and ΛM2.
Right panel: the relation between a0/M and ω.
FIG. 4: The relation between F (a0)/M and a0/M .
To exhibit the stability analysis, we still start from Eq. (33) but with a negative Λ to show the behaviors of the
quantities a0/M and V
′′(a0) graphically. In the left and second panels of Fig. 3, we find that, to satisfy a0/M > 2
and V ′′(a0) > 0, the dark energy EoS ω is restricted in (−1,−0.89] and ΛM2 < 0. In the third panel of Fig. 3, the
relation between V ′′(a0) and ΛM2 when ω = −0.998 is shown, and V ′′(a0) is monotonically increasing with increasing
ΛM2. Moreover, the serrated border of a0/M and V
′′(a0) in the left and second panels of Fig. 3 can be well explained
by the disconnected parts in the third panel of Fig. 3. In the right panel of Fig. 3, we also show the relation between
V ′′(a0) and ω when ΛM2 = −0.06. It is easy to see that V ′′(a0) < 0 when ω < −1 and V ′′(a0) > 0 in the range
ω ∈ (−1,−0.89]. Furthermore, to analyze the stability more vividly, we define a new function F (a0/M) as
F (a0/M) =
1
3(a0M )
2 − 23 (a0M )3
. (37)
We also exhibit the relation between F (a0/M) and a0/M in Fig. 4, and find that F (a0/M) > 0 when 2 < a0/M < 4.5,
F (a0/M) < 0 when a0/M > 4.5 and F (a0/M) diverges when a0/M = 4.5. In summary, for the Schwarzschild-anti de
Sitter case, the stable thin-shell wormholes constrained by cosmological observations must satisfy the following two
conditions: (i) ω ∈ (−1,−0.89]; (ii) ΛM2 < F (a0/M) when 2 < a0/M and a0/M 6= 4.5.
D. Reinssner-Nordstro¨m Thin-shell Wormholes
For the Schwarzschild-anti de Sitter spacetime, the metric function f(r) has the form f(r) = 1−2M/r−Q2/r2, where
Q is the charge of the black hole. For 0 < |Q| < M this geometry has two horizons situated at r± = M ±
√
M2 −Q2.
To form a thin-shell wormhole, we still need that the stable junction radius is larger than the outer horizon, i.e.,
0.0
0.5
1.0
QM2
-1.05
-1.00
-0.95
-0.90
Ω
-1.0
-0.8
-0.6
V''Ha0L
0.0
0.5
1.0QM
2
-1.05
-1.00
-0.95
-0.90
Ω
0.0
0.5
1.0
a0M
FIG. 5: Plots for the Reinssner-Nordstro¨m spacetime. Left panel: the dependence of a0/M on the quantities ω and Q
2/M2 for
the first solution (“ + ” in Eq. (40)). Medium panel: the dependence of V ′′(a0) on the quantities ω and Q2/M2 (“ + ” in Eq.
(40)). Right panel: the dependence of a0/M on the quantities ω and Q
2/M2 for the second solution (“ - ” in Eq. (40)).
8a0 > 2M . Then the potential V (a) can be expressed as
V (a) = 1− 2M
a
+
Q2
a
− (1− 2M
a0
+
Q2
a0
)
(a0
a
)4ω+2
. (38)
Seeing V (a0) = 0, we also have from the condition V
′(a0) = 0
ω = −1
2
(a0M )
2 − a0M
(a0M )
2 − 2a0M + Q
2
M2
. (39)
Solving a0/M , we obtain two real solutions as
a0
M
=
1 + 4ω ±
√
(1 + 4ω)2 − 8ω(1 + 2ω)( QM )4
2(1 + 2ω)
. (40)
Utilizing the 1σ range ω ∈ [−1.05, 0.89] and 0 < |Q|/M < 1, we can investigate apparently the behaviors of a0/M
and V ′′(a0). In the left panel of Fig. 5, we show the dependence of a0/M on the quantities ω and Q2/M2, and find
that a0/M is always satisfy the condition a0/M > 2. However, in the medium panel of Fig. 5, we find that V
′′(a0)
is always negative in the ranges ω ∈ [−1.05, 0.89] and 0 < |Q|/M < 1. Therefore, the first solution (use “ + ” in Eq.
(40)) is unstable. Subsequently, in the right panel of Fig. 5, we also show the dependence of a0/M on the quantities ω
and Q2/M2 for the second solution (use “ - ” in Eq. (40)), and find that a0/M < 2M in the ranges ω ∈ [−1.05, 0.89]
and 0 < |Q|/M < 1. Hence, the second solution is also unstable.
In summary, for Reinssner-Nordstro¨m case, the stable thin-shell wormholes constrained by cosmological observations
do not exist.
IV. DISCUSSIONS AND CONCLUSIONS
Since the elegant discovery that the universe is undergoing the phase of accelerated expansion, theorists have paid
more and more attention to the renewed field—wormholes. Recently, with rapidly mounting cosmic data, we are full
of interest in digging up the astrophysical information which hides in the cosmological observations.
In this study, we are dedicated to explore stable thin-shell wormholes constrained by modern cosmological obser-
vations. Without loss of generality, we study thin-shell wormholes constrained by observations in ωCDM model.
First of all, we place constraints on ωCDM model using a combination of Union 2.1 SNe Ia data, the latest H(z)
data and CMB measurements. Subsequently, we use the constrained dark energy EoS ω which lies in [−1.05,−0.89]
to investigate thin-shell wormholes of different spacetimes, and obtain the following conclusions: the Schwarzschild
thin-shell wormholes are unstable; the stable Schwarzschild-de Sitter thin-shell wormholes must satisfy two condi-
tions, i.e., a0/M > 15.45 and ω ∈ [−1.05,−1); the stable Schwarzschild-anti de Sitter thin-shell wormholes also need
two necessary conditions, i.e., ω ∈ (−1,−0.89] and ΛM2 < F (a0/M) when 2 < a0/M and a0/M 6= 4.5; the stable
Reinssner-Nordstro¨m thin-shell wormholes constrained by cosmological observations do not exist.
One can easily find that the cosmological observations have provided a substantially tight constraint on the thin-
shell wormholes in ωCDM model. It is worth noting that, the method we developed in this study can be applied into
exploring the stable thin-shell wormholes from any black hole spacetime in the framework of any cosmological theory.
Furthermore, we have built a bridge between the cosmological observations and astrophysics: on the one hand, one
can study the properties of celestial bodies by utilizing the cosmological observations, for instance, stable thin-shell
wormholes in this work, and so forth; on the other hand, one can conversely extract the information at astrophysical
scales to study the evolution of the universe at cosmic scales.
We expect that more and more high-quality data can bring us evolutionary cognition about various celestial bodies,
for instance, black holes, wormholes, white dwarfs, pulsars, quasars, and so forth.
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